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THE WEIGHTED BERGMAN SPACE ON A SECTOR AND A
DEGENERATE PARABOLIC EQUATION
MARCOS LÓPEZ-GARCÍA
Abstract. In this work we solve a degenerate parabolic equation for the half
line with Dirichlet boundary data, and use some results from the theory of
Reproducing Kernel Hilbert Spaces to show that the null reachable space of
this degenerate parabolic equation is a RKHS of analytic functions on a sector,
whose reproducing kernel can be written in terms of the weighted Bergman
kernel on the half plane C+.
1. Introduction
Let T > 0 fixed. Consider the heat equation for the unit interval with Dirichlet
boundary conditions,
∂tw − ∂xxw = 0, 0 < x < 1, 0 < t < T,
w(0, t) = uℓ(t), w(1, t) = ur(t), 0 < t < T,
w(x, 0) = 0, 0 < x < 1.
In Control Theory of PDEs is an important issue to describe the so-called null
reachable space, at time T > 0, defined as follows
RT := {w(·, T ) : w is solution of the heat system with data uℓ, ur ∈ L2C(0, T )}.
It is known that RT does not depend on the time T , see [6, Proposition 3.1].
The problem is to identify the space of all analytic extensions of the functions in
R in terms of spaces of analytic functions with some structure.
For 0 < α ≤ 2 we introduce the open sector
∆α := {z ∈ C : 0 < | arg(z)| < piα/4} .
In [8] the author proves that the null reachable space R is the sum of two
Bergman spaces defined on different sectors
R = A2(∆1) +A2(1−∆1).
In [6] the authors improve the last result, they decomposeR as a sum of weighted
Bergman spaces
R = A2(∆1, ω0,δ) +A2(1−∆1, ω1,δ) for all δ > 0,
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where
ω0,δ(s) = δ
−1es
2/(2t), s ∈ ∆1, ω1,δ(s) = δ−1e(1−s)
2/(2t), s ∈ 1−∆1.
In [7] the author uses the characterization of the image of a certain kind of linear
mappings as a RKHS (see Theorem A below or the seminal work [10]) to show that
R is a RKHS on Q = ∆1 ∩ (1−∆1), and computes its reproducing kernel.
In this work we study the following 1D degenerate parabolic equation
∂tu− x2(α−1)/α∂xxu = 0, x, t > 0,
u(0, t) = tαg(t), t > 0,(1)
u(x, 0) = 0, x > 0,
lim
x→∞
u(x, t) = 0, t > 0.
The next result shows that the solution u of the last system is obtained as a con-
volution of the data g with a certain positive kernel.
Theorem 1. Let α > 0, R+ = {x ∈ R : x > 0}. If u ∈ C2(R+×R+)∩C(R+×R+)
is a bounded function solving the system (1), then u(x, t) = tαLαt g(x), x, t > 0,
where
(2) Lαt g(x) :=
(α/2)α
Γ(α/2)tα
∫ t
0
x
(t− τ)α/2+1 exp
(
− α
2x2/α
4(t− τ)
)
g(τ)τα dτ.
Now, for t > 0 fixed, we want to describe the space of the analytic extensions
Lαt g(z) with g in a suitable space. Thus, we will prove that Lαt is defined on a
weighted Lebesgue space into a suitable space of analytic function on ∆α. The case
α = 1 (related to the heat equation) was solved by Aikawa, Hayashi and Saitoh in
[2, Theorem 2.1] and was used as an important step to get the different characteri-
zations of R, see [5, Lemma 2.5], [7, Proof of Theorem 6], [8, Proof of Theorem 1.1].
For 0 < α ≤ 2 consider the following weighted Bergman space
A2α−1(∆α) :=
{
f ∈ hol(∆α) :
∫
∆α
|f(z)|2(ℜ(z2/α))α−1|z|(α−2)(α−1)/αdA(z) <∞
}
with the inner product
〈f, g〉A2α−1(∆α) := (αpi
1/2)α−1
∫
∆α
f(z)g(z)(ℜ(z2/α))α−1|z|(α−2)(α−1)/αdA(z),
where dA(z) is the Lebesgue measure on ∆α, and ℜz denotes the real part of z.
From [2, Corollary 2.5] we have that
Gtα := z(α−1)(α+2)/(2α)e−
α2
4t z
2/α
A2α−1(∆α)
with the norm
(3) ‖F‖Gtα :=
B(α/2, α/2)1/2
(α/2)(α−1)/2pi
α+1
4
‖z(1−α)(α+2)/(2α)eα
2
4t z
2/α
F‖A2α−1(∆α)
is a RKHS on ∆α with reproducing kernel
(α/2)α−1pi
α+1
2
B(α/2, α/2)
(zw)(α−1)(α+2)/(2α)e−
α2
4t (z
2/α+w2/α)K∆α,α−1(z, w),
3where K∆α,α−1(z, w) is the reproducing kernel of A
2
α−1(∆α), see (8), and B is the
Beta function.
The main result is the following,
Theorem 2. For each t > 0 fixed, the linear mapping
Lαt : L2C((0, t), ταdτ/tα)→ Gtα
is an isometric isomorphism whenever 0 < α ≤ 2. Furthermore, we have the inverse
formula
(Lαt )−1F (τ) =
(α/2)α
Γ(α/2)(t− τ)α/2+1 limN→∞
∫
EN
zF (z) exp
(
− α
2z2/α
4(t− τ)
)
dµtα(z),
for all F ∈ Gtα in the topology of L2((0, t), ταdτ/tα), where {EN}∞N=1 is a compact
exhaustion of ∆α, Γ is the Gamma function and
(4) dµtα(z) := pi
−12α−1B(α/2, α/2)|z|4(1−α)/αeα
2
2t ℜ(z
2/α)(ℜ(z2/α))α−1dA(z),
for z ∈ ∆α.
When g is a continuous function, the next result shows that u(x, t) = tαLαt g(x)
is a classical solution of the 1D degenerate parabolic equation for the half line.
Theorem 3. Let α, T > 0. If g ∈ C([0, T ]) then u(x, t) := tαLαt g(x) ∈ C2(R+ ×
(0, T )) and satisfies
∂tu− x2(α−1)/α∂xxu = 0, x > 0, 0 < t < T,
u(0, t) = tαg(t), 0 < t < T,(5)
u(x, 0) = 0, x > 0,
lim
x→∞
u(x, t) = 0, 0 < t < T.
When tαg is a bounded continuous function on [0,∞) the last result holds for
T =∞, see Remark 5.
Thus, for T > 0 fixed we say that GTα is the null reachable space at time T of
the degenerate parabolic system (5).
This paper is organized as follows. In the next section we consider some results
about (weighted) Bergman spaces, and we also include two theorems about RKHS,
which are the core of the main result. In Section 3 we prove Theorems 1 and 3,
and study some properties of the solution to the degenerate parabolic equation in
(5). In Section 4 we prove Theorem 2 and give an application.
2. Preliminaries
For an open set Ω ⊂ C we denote by A2(Ω) the Bergman space on Ω given by
A2(Ω) :=
{
f ∈ hol(Ω) :
∫
Ω
|f(z)|2dA(z) <∞
}
,
and KΩ(z, w) stands for the reproducing kernel (the so-called Bergman kernel) of
A2(Ω).
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It is well known the conformal invariance of the Bergman kernel: Let Ω1,Ω2 ⊂ C
be open sets and Φ : Ω1 → Ω2 a biholomorphism, then
(6) KΩ1(z, w) = Φ
′(z)KΩ2(Φ(z),Φ(w))Φ
′(w).
Now, for ν > −1 we consider the weighted Bergman space A2ν(Ω) given by
A2ν(Ω) :=
{
f ∈ hol(Ω) :
∫
Ω
|f(z)|2KΩ(z, z)−ν/2dA(z) <∞
}
,
andKΩ,ν(z, w) denotes its corresponding reproducing kernel (the so-called weighted
Bergman kernel).
This kind of weighted Bergman kernels are also conformally invariant: Let Φ :
Ω1 → Ω2 be a biholomorphism such that log(Φ′) is a well defined holomorphic
funtion on Ω1, then (see [9, Corollary 6.22])
(7) KΩ1,ν(z, w) = Φ
′(z)1+
ν
2KΩ2,ν(Φ(z),Φ(w))Φ
′(w)1+
ν
2 .
For instance, the Bergman space on the half plane C+ = {z ∈ C : ℜz > 0} has
the Bergman kernel
KC+(z, w) =
1
pi(z + w)2
,
thus (6) with Φ(z) = z2/α, 0 < α ≤ 2, implies that
K∆α(z, w) =
4 (zw)
2−α
α
α2pi
(
z2/α + w2/α
)2
is the Bergman kernel of A2(∆α).
It is well known that (see [9, Proposition 6.20])
KC+,ν(z, w) =
ν + 1
pi1+
ν
2 (z + w)ν+2
,
thus (7) implies that
(8) K∆α,ν(z, w) =
22+ν(ν + 1) (zw)
2−α
α (1+
ν
2 )
α2+νpi1+
ν
2
(
z2/α + w2/α
)ν+2
is the Bergman kernel of A2ν(∆α).
In order to prove the main theorem we introduce a machinery that shows the
image of a suitable linear mapping as a RKHS. Let F(E) be the vector space
consisting of all complex-valued functions on a set E, and let (H, 〈·, ·〉H) be a
Hilbert space. For a mapping h : E → H, consider the induced linear mapping
L : H → F(E) defined by
Lf(p) = 〈f ,h(p)〉H.
The vector space R(L) := {Lf : f ∈ H} is endowed with the norm
‖f‖R(L) = inf{‖f‖H : f ∈ H, f = L(f)}.
A fundamental problem about the linear mapping L is to characterize the vector
space R(L). The following result summarizes Theorems 2.36, 2.37 in [11, pages
135–137] and provides an answer to the last question.
5Theorem A. (1) (R(L), ‖ · ‖R(L)) is a RKHS on E with reproducing kernel
K(p, q) = 〈h(q),h(p)〉H, p, q ∈ E.
(2) The linear mapping L : H → R(L) is an isometric isomorphism iff the set
{h(p) : p ∈ E} is complete in H.
We setHK(E) := R(L). We assume that e : HK(E) → L2(E, du) is a continuous
embedding and H = L2(I, dm), where (I, dm) and (E, dµ) are σ-finite measures.
Let h : I × E → C be the function given by
h(τ, p) := h(p)(τ), τ ∈ I, p ∈ E.
For completeness we reproduce Theorem 2.47 in [11].
Theorem B. Assume that {EN}∞N=1 is an increasing sequence of measurable sub-
sets in E such that
∞⋃
N=1
EN = E and
∫∫
I×EN
|h(τ, p)|2dm(τ)dµ(p) <∞ for all N ≥ 1.
Then we have
(e ◦ L)∗(f)(τ) = lim
N→∞
∫
EN
f(p)h(τ, p)dµ(p)
for all f ∈ L2(E, dµ) in the topology of L2(I, dm).
3. On the degenerate parabolic equation
In this section we analyze a system very similar to (5). For α, T > 0 consider
the system
∂tu = x
2(α−1)/α∂xxu, x > 0, 0 < t < T,
u(0, t) = g(t), 0 < t < T,(9)
u(x, 0) = 0, x > 0,
lim
x→∞
u(x, t) = 0, 0 < t < T.
In order to get a fundamental solution to the last PDE we follow the ideas when
solving the heat equation. For α > 0 we introduce the generalized complementary
(Gaussian) error function
Eα(λ) = erfcα(λ) :=
2
Γ(α/2)
∫ ∞
λ
ρα−1e−ρ
2
dρ, λ > 0.
Since there exists a constant Cγ > 0 such that
(10) e−x ≤ Cγx−γ
for all x, γ > 0, we have that Eα ∈ C∞(R+), and satisfies the following differential
equation
y′′(λ) +
(
2λ− α− 1
λ
)
y′(λ) = 0, λ > 0,(11)
y(0+) = 1, y(∞) = 0.
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For α, x, t > 0 we introduce the function
Wα(x, t) := Eα
(
αx1/α
2t1/2
)
=
αα
2αΓ(α/2)
∫ t
0
x
(t− τ)α/2+1 exp
(
− α
2x2/α
4(t− τ)
)
dτ.
Since Eα ∈ C∞(R+) we have that Wα ∈ C∞(R+×R+). By using that Eα satisfies
the ODE (11), and after some computations, we get that Wα satisfies the PDE in
system (9). Moreover,
lim
x→0+
Wα(x, t) = 1, lim
x→∞
Wα(x, t) = 0 ∀t > 0, lim
t→0+
Wα(x, t) = 0 ∀x > 0.
Notice that Wα is the convolution of the constant function 1 with the following
positive kernel defined on R+ × R+,
(12) Kα(x, t) :=
αα
2αΓ(α/2)
x
tα/2+1
exp
(
−α
2x2/α
4t
)
, x, t > 0.
The properties of the function Wα suggest to consider the integral transform
(13) (T αt g)(x) =
∫ t
0
Kα(x, t− τ)g(τ) dτ, x, t > 0,
where g is a measurable function, in order to get solutions of the system (9).
For α > 0 we introduce the operator
(14) Dαxw := x
2(α−1)/α∂xxw, x > 0,
where w is a function with sufficient regularity.
The next result gives some properties of the kernel Kα and provides a solution
to the system (9) when g is a continuous function.
Proposition 4. Let α, T > 0. The following properties hold,
(1) Kα ∈ C∞(R+ × R+) and satisfies
(15) ∂tKα = D
α
xKα.
In particular,
(16) ∂jtKα = (D
α
x )
jKα, j ≥ 1.
(2) If g ∈ C([0, T ]) then u(x, t) = T αt g(x) is a solution of system (9).
(3) If g ∈ Cm([0, T ]), m ≥ 0 and u(x, t) = T αt g(x), then
lim
x→0+
(Dαx )
mu(x, t) = ∂mt g(t), 0 < t < T.
Proof. (1) A simple computation shows that ∂tWα = Kα, thus Kα is infinitely
differentiable. Since Wα satisfies the PDE in system (9) we have
∂tKα = ∂tD
α
xWα = D
α
x∂tWα = D
α
xKα.
We proceed by induction to show that (16) holds. By (15) the result is valid
for j = 1. Assume that (16) holds for some j ≥ 1. Since Kα is an infinitely
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∂j+1t Kα = ∂
j
tD
α
xKα = ∂
j
t
(
x2(α−1)/α∂xxKα
)
= Dαx∂
j
tKα = D
α
x (D
α
x )
jKα = (D
α
x )
j+1Kα.
(2) From (10) we get
lim
τ→t−
Kα(x, t− τ)g(τ) = 0, for all 0 < t < T.
therefore
∂t(T αt g)(x) =
∫ t
0
(∂tKα)(x, t − τ)g(τ) dτ =
∫ t
0
(DαxKα)(x, t− τ)g(τ) dτ
= Dαx (T αt g)(x), for all x > 0, 0 < t < T.
We make the change of variable
(17) ρ = ρ(τ) =
αx1/α
2(t− τ)1/2 ,
thus for x > 0, 0 < t < T we have
(18) u(x, t) = (T αt g)(x) =
2
Γ(α/2)
∫ ∞
αx1/α
2t1/2
ρα−1e−ρ
2
g
(
t− α
2x2/α
4ρ2
)
dρ.
Since g is a continuous function on [0, T ], the dominated convergence theorem im-
plies that u = T αt g satisfies the boundary conditions in (9).
(3) From (15) we notice that
−∂τ (Kα(x, t− τ)) = x2(α−1)/α∂xx (Kα(x, t− τ)) ,
therefore
Dαx (T αt g)(x) = −
∫ t
0
g(τ)∂τ (Kα(x, t− τ)) dτ
=
∫ t
0
∂τg(τ)Kα(x, t− τ)dτ − g(τ)Kα(x, t− τ)|τ=tτ=0
= (T αt ∂tg)(x) + g(0)Kα(x, t).
By iterating the relation Dαx (T αt g) = (T αt ∂tg) + g(0)Kα and using (16) we get
(Dαx )
m(T αt g) = T αt ∂mt g +
m−1∑
j=0
(∂m−1−jt g)(0)(D
α
x )
jKα
= T αt ∂mt g +
m−1∑
j=0
(∂m−1−jt g)(0)∂
j
tKα
Using the result in the last item we get
lim
x→0+
(Dαx )
mu(x, t) = lim
x→0+
(T αt ∂mt g)(x) +
m−1∑
j=0
(∂m−1−jt g)(0) lim
x→0+
∂jtKα(x, t)
= ∂mt g(t) +
(α/2)α
Γ(α/2)
m−1∑
j=0
(∂m−1−jt g)(0) lim
x→0+
x∂jt
[
e−α
2 x2/α
4t
tα/2+1
]
= ∂mt g(t).
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
Remark 5. By (18) it follows that the statement in Proposition 4-(2) holds for
T =∞ provided that g is a bounded continuous function on [0,∞).
Proof of Theorem 3. Notice that tαLαt g = T αt (tαg) and the result follows by
Proposition 4-(2). 
Proposition 6. Let α > 0. If u ∈ C2(R+ × R+) ∩ C(R+ × R+) is a bounded
function satisfying
∂tu = x
2(α−1)/α∂xxu, x, t > 0,
u(0, t) = g(t), t > 0,(19)
u(x, 0) = 0, x > 0,
lim
x→∞
u(x, t) = 0, t > 0.
then u(x, t) = T αt g(x), x, t > 0.
Proof. We denote by U(x, s) the Laplace transform (denoted by L) of u with respect
to the variable t, i.e. U(x, ·) = L(u(x, ·)). From (19) we get that U satisfies
sU − x2(α−1)/α∂xxU = 0 x > 0, s > 0,
U(0, s) = L(g), x > 0,(20)
lim
x→∞
U(x, s) = 0, s > 0.
We fix s > 0 and solve the last ODE with respect to the variable x.
It is well known that the modified Bessel functions of the first kind Iν and the
second kind Kν are the two linearly independent solutions to the modified Bessel’s
equation (see [1, page 374]):
x2y′′ + xy′ − (x2 + ν2)y = 0.
Moreover (see [1, page 374])
lim
x→∞
Kν(x) = 0, lim
x→∞
Iν(x) =∞.
The Bessel’s equation yields
sK′′α/2(αs
1/2x1/α) +
s1/2
αx1/α
K
′
α/2(αs
1/2x1/α)−
(
s+
1
4x2/α
)
Kα/2(αs
1/2x1/α) = 0,
which implies the function
V (x, s) =
2αα/2
2α/2Γ(α/2)
sα/4x1/2Kα/2(αs
1/2x1/α)
satisfies the ODE and the last condition in (20).
Hence there exists a constant c such that U = cV . At the end of this proof we
will show that
(21) lim
x→0+
V (x, s) = 1,
together with the Dirichlet condition in (20), we get that
U = L(g)V.
9Since (see [4, page 917, 8.432-6])
L
(
e−b/t
tν+1
)
= 2
(s
b
)ν/2
Kν(2
√
sb), b, s > 0,
we have that L(Kα(x, ·)) = V (x, ·), then
L(u(x, ·)) = L(g)L(Kα(x, ·)) = L(Kα(x, ·) ∗ g)
thus
u(x, t) = (Kα(x, ·) ∗ g)(t) =
∫ t
0
Kα(x, t− τ)g(τ)dτ = T αt g(x).
Finally, we use the representation (see [4, page 917, 8.432-5])
Kν(x) =
2νΓ(ν + 12 )√
pixν
∫ ∞
0
cos(xt)
(1 + t2)ν+
1
2
dt, ν ≥ −1/2, x > 0,
and the dominated convergence theorem to obtain (21):
lim
x→0+
V (x, s) =
2Γ((α+ 1)/2)√
piΓ(α/2)
∫ ∞
0
lim
x→0+
cos(αs1/2x1/αt)
(1 + t2)
α
2+
1
2
dt = 1.

Proof of Theorem 1. Notice that tαLαt g = T αt (tαg) and the result follows by the
last proposition. 
4. Proof of the main result
Clearly, Kα(·, t) is an analytic function on ∆α for all t > 0. Now we pick any
z ∈ ∆α. By (10) there exists a constant C = C(α) > 0 such that
|Kα(z, t)| ≤ α
α
2αΓ(α/2)
|z|
tα/2+1
exp
(
−α
2ℜ(z2/α)
4t
)
≤ C|z|(ℜ(z2/α))−α/2−1 for all t > 0.(22)
Therefore Kα(z, ·) is a bounded continuous function on (0,∞). So the function Lαt g
is well defined on ∆α for each g ∈ L1C((0, t), ταdτ), t > 0.
The next result shows that the image of L1
C
((0, t), ταdτ) under the mapping Lαt
is a subspace of analytic functions on ∆α.
Proposition 7. Let t > 0, 0 < α ≤ 2. If g ∈ L1((0, t), ταdτ), then Lαt g ∈ hol(∆α).
Proof. From the estimation (22) and the dominated convergence theorem we have
that Lαt g is a continuous function on ∆α. Let γ a closed, piecewise differentiable
curve in ∆α, so Fubini’s theorem implies that∮
γ
Lαt g(z)dz =
1
tα
∫ t
0
∮
γ
Kα(z, t− τ) dz g(τ)ταdτ = 0.
From Moreras’s theorem we see that Lαt g is an analytic function on ∆α. 
Proof of Theorem 2. Let H = L2
C
((0, t), τα/tαdτ) with the inner product
〈f, g〉H := 1
tα
∫ t
0
f(τ)g(τ)ταdτ.
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Since Kα(z, ·) is a bounded continuous function on (0,∞) for each z ∈ ∆α, the
function h : ∆α → H given by
h(z) := Kα(z, t− ·), z ∈ ∆α
is well defined. Notice that
Lαt g(z) = 〈g,h(z)〉H, z ∈ ∆α, g ∈ H.
Theorem A-(1) implies that R(Lαt ) is a RKHS on ∆α with reproducing kernel
Kα(z, w; t) = 〈h(w),h(z)〉H =
∫ t
0
Kα(z, t− τ)Kα(w, t− τ)τ
α
tα
dτ
=
(
αα
2αΓ(α/2)
)2 ∫ t
0
zw
(t− τ)α+2 exp
(
−α2 z
2/α + w2/α
4(t− τ)
)
τα
tα
dτ
=
(
αα
2αΓ(α/2)
)2 ∫ ∞
1/t
zw
(
ρ− t−1)α exp(−α2(z2/α + w2/α)ρ/4)dρ
=
α2αzw
22α(Γ(α/2))2
e−
α2
4t (z
2/α+w2/α)
∫ ∞
0
ηαe−α
2(z2/α+w2/α)η/4dη
=
4Γ(α+ 1)zw
α2 (Γ(α/2))2
e−
α2
4t (z
2/α+w2/α)(
z2/α + w2/α
)α+1 = 4zwαB(α2 , α2 ) e
−α
2
4t (z
2/α+w2/α)(
z2/α + w2/α
)α+1
=
(α/2)α−1pi
α+1
2
B(α/2, α/2)
(zw)(α−1)(α+2)/(2α)e−
α2
4t (z
2/α+w2/α)K∆α,α−1(z, w).
It follows that R(Lαt ) = Gtα.
Now we claim that {h(z) : z ∈ ∆α} is a complete system in H. Assume that
g ∈ H satisfies
〈g,h(z)〉H = 0 for all z ∈ ∆α,
therefore ∫ t
0
(t− τ)−(α/2+1)e−(t−τ)−1zg(τ)ταdτ = 0 for all z ∈ C+.
Then we make the change of variable ρ = ρ(τ) := (t− τ)−1 − t−1 to get
(23)
∫ ∞
0
(
ρ+ t−1
)α
2+1 e−xρe−iyρg (τ(ρ)) (τ(ρ))α dρ = 0
for all x > 0, y ∈ R. Since τ = τ(ρ) is a bounded function and∫ ∞
0
|g (τ(ρ)) |2 (ρ+ t−1)−2 dρ <∞,
the factor in (23) multiplied by e−iyρ is in L2(R+). The injectivity of the Fourier
transform in L2(R) implies that g = 0 a.e. on (0, t).
Then Theorem A-(2) implies that Lαt : L2C((0, t), τα/tαdτ) → (Gtα, ‖ · ‖Gtα) is an
isometric isomorphism.
From (3) and (4) we have that Gtα inherits the inner product in L2(∆α, dµtα). In
particular e : Gtα → L2(∆α, dµα) is a continuous embedding.
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We just apply Theorem B with (I, dm) = ((0, t), τα/tαdτ) and
L = Lαt , h(τ, z) = Kα(z, t− τ), 0 < τ < t, z ∈ ∆α.
From (4) and (22) we have that∫∫
(0,t)×E
|h(τ, z)|2ταdτdµtα(z) <∞
for any compact set E ⊂ ∆α, therefore
(e ◦ Lαt )∗(f)(τ) = lim
N→∞
∫
EN
f(z)Kα(z, t− τ)dµtα(z)
for all f ∈ L2(∆α, dµtα) in the topology of L2((0, t), τα/tαdτ), where {EN}∞N=1 is
a compact exhaustion of ∆α.
Since Lαt is an isometric isomorphism we have (Lαt )∗ = (Lαt )−1, so (e◦Lαt )∗(f) =
(Lαt )−1(f) for all f ∈ Gtα, and the result follows. 
When α = 2 we have an interesting case,
Corollary 8. Let t > 0 fixed. The linear mapping Lt : L2C((0, t), τ2/t2dτ) →
ze−z/tA21(C+) given by
Ltg(z) := 1
t2
∫ t
0
z
(t− τ)2 exp
(
− z
t− τ
)
g(τ)τ2 dτ
is an isometric isomorphism, where ze−z/tA21(C+) is endowed with the norm ‖·‖Gt2.
Moreover we have the inverse formula
(Lt)−1F (τ) = 1
(t− τ)2 limN→∞
∫
EN
zF (z) exp
(
− z
t− τ
)
dµt(z),
for all F ∈ ze−z/tA21(C+) in the topology of L2((0, t), τ2dτ/t2), where {EN}∞N=1 is
a compact exhaustion of C+, and
dµt(z) := 2pi−1|z|−2e 2tℜ(z)ℜ(z)dA(z), z ∈ C+.
As a consequence of Theorem 2 we get an asymptotic behavior of the functions
in the image of Lαt .
Corollary 9. Let g ∈ L2((0, t); ταdτ) and v(·, t) = Lαt g. For any ξ > 0 and j ≥ 0,
we have
(24) lim
t→0+
tα
∣∣∣∂jξ (v(ξ, t)ξ− (α−1)(α+2)2α eα24t ξ2/α)∣∣∣2 = 0
Proof. By Theorem 2 and the reproducing property of the weighted Bergman kernel
K∆α,α−1 of A
2
α−1(∆α) we have
v(ξ, t)
e
α2
4t ξ
2/α
ξ
(α−1)(α+2)
2α
=
∫∫
∆α
v(z, t)
e
α2
4t z
2/α
z
(α−1)(α+2)
2α
K∆α,α−1(ξ, z)K∆α(z, z)
1−α
2 dA(z).
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Therefore,
lim
t→0+
tα
∣∣∣∣∣∂jξ
(
v(ξ, t)
e
α2
4t ξ
2/α
ξ
(α−1)(α+2)
2α
)∣∣∣∣∣
2
≤ lim
t→0+
tα
∫∫
∆α
∣∣∣∣∣v(z, t) e
α2
4t z
2/α
z
(α−1)(α+2)
2α
∣∣∣∣∣
2
K∆α(z, z)
1−α
2 dA(z)
×
∫∫
∆α
|∂jξ (K∆α,α−1(ξ, z)) |2K∆α(z, z)
1−α
2 dA(z)
= lim
t→0+
∫ t
0
|g(τ)|2ταdτ
[
∂jξ∂
j
z(K∆α,α−1(ξ, z))
]
z=ξ
.

The following result provides an asymptotic behavior on R+ of the functions in
A2α−1(∆α).
Proposition 10. Let j ≥ 0 and 0 < α ≤ 2. For any f ∈ A2α−1(∆α) we have
(25) lim
x→∞
xj+(α+1)/2∂jxf(x) = 0, and lim
x→0+
xj+(α+1)/2∂jxf(x) = 0.
Proof. Let x > 0 fixed. Applying the Cauchy integral formula to f we get
∂jxf(x) =
j!
2pii
∮
|z−x|=r
f(z)
(z − x)j+1 dz
where 0 < r < x sin(piα/8). Thus,
xj+1|∂jxf(x)| ≤
j!(j + 2)
2
√
pi(sin(piα/8))j+1
{∫∫
D˜x
|f(z)|2dA(z)
}1/2
where D˜x = {z ∈ C : |z − x| < x sin(piα/8)}.
If z ∈ D˜x, then z ∈ ∆α/2 and(
1− 1√
2
)
x ≤
(
1− sin
(piα
8
))
x < |z| <
(
1 + sin
(piα
8
))
x ≤
(
1 +
1√
2
)
x,
therefore
1√
2
(
1− 1√
2
)2/α
x2/α < ℜ(z2/α) = |z|2/α cos(2 arg(z)/α) ≤
(
1 +
1√
2
)2/α
x2/α
for all z ∈ D˜x.
The last inequalities imply that
(1− 1/√2)2(2−α)/α
(1 + 1/
√
2)4/α
x−2 < α2piK∆α(z, z) < 2
(1 + 1/
√
2)2(2−α)/α
(1− 1/√2)4/α x
−2
for all z ∈ D˜x, it follows that
K∆α(z, z)
(1−α)/2 ≈ xα−1 on D˜x.
Hence there exists a constant C > 0 such that
xj+(α+1)/2|∂jxf(x)| ≤ C
{∫∫
D˜x
|f(z)|2K∆α(z, z)(1−α)/2dA(z)
}1/2
for all x > 0, and the result follows by the dominated convergence theorem. 
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Conclusion Recently, Cannarsa et. al. proved a suitable global Carleman
estimate to get the null controllability for a degenerate parabolic equation on a finite
interval, see [3]. As in the heat equation case, now the problem is to characterize
the null reachable space of the degenerate parabolic equation studied by them, and
this work is a first step to achieve that goal.
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